INTRODUCTION
A warranty is a contractual agreement,, which requires the manufacturer to rectify all item failures either through repair or replacement should failure occur within the period specified in the warranty. Warranty serves a dual role-it protects the buyer from being sold defective items and at the same time, restricts unreasonable claims on the manufacturer by buyers. Over the last few years, manufacturers have used warranty as an effective advertising tool to promote their product. A taxonomy for the different warranty policies is given in [l] . They can be broadly grouped into one-and two-dimensional policies. A one-dimensional warranty policy is characterised by a one-dimensional time interval called the warranty period. A two-dimensional warranty policy is characterised by a region in a two-dimensional plane with one dimension representing time and the other representing usage. The origin corresponds to the time instant of a sale. A typical example is an automobile warranted for three years or 60,000 kilometers of travel.
The literature on warranties is vast. Many different aspects have been studied from many different. perspectives. Blischke and Murthy [2] deal with many of these topics, and a detailed cost analysis of several warranty policies can be found in [I] . The bulk of the literature deals with one-dimensional policies. In contrast, the study of two-dimensional warranty policies has received a lot less attention. For products sold with a free replacement warranty, the manufacturer agrees to rectify all failures occurring under the warranty. In the case of repairable products, the actions available to the manufacturer to rectify a failure under the warranty are (1) to repair the failed item, or (2) to replace it with a new one.
The choice between these two actions depends on the relative costs of repair versus replacement and the failure rate of a repaired item compared to that of a new item. A proper repair-replace strategy can reduce the expected cost of servicing the warranty.
Biedenweg [3] and Nguyen and Murthy [4, 5] have studied a variety of optimal repair-replace strategies for one-dimensional warranty policies. In contrast, there has been no study of such strategies for two-dimensional warranty policies.
This paper deals with repair-replace strategies for products sold with two-dimensional failure free warranty policies. The outline of the paper is as follows. In Section 2, we give the details of the model formulation.
Of particular interest are the parameters of the strategies that need to be optimally selected to minimise the expected warranty servicing cost per unit sold. Section 3 deals with the analysis of the model to determine the optimal values for these parameters. In Section 4, we give some illustrative numerical examples. We conclude with some comments and a brief discussion of topics for further research in Section 5.
MODEL FORMULATION

Warranty Policy
The product is sold with a two-dimensional free replacement warranty. As mentioned earlier, a two-dimensional warranty is characterised by a region R in a two-dimensional plane. Different regions define different warranty policies. See [6, 7] for the different shapes for R. In this paper, we confine our attention to the case where R is a rectangle so that the warranty for an item expires when it reaches an age K or the total usage exceeds a level L.
The free replacement policy requires the manufacturer to rectify all failures occurring under warranty. As a result, should a failure occur with age at failure less than K and usage at failure less than L, the manufacturer rectifies the failure at no cost to the buyer. We assume that the product is repairable so the rectification of a failed item can be achieved through either repair or replacement.
Modelling Item Failures
For the analysis of two-dimensional warranty policies, item failures can be viewed as random points occurring over the warranty region. Two different approaches have been used in modelling item failures. In the first approach, the failure of items is modelled using a one-dimensional point process formulation; see, for example, [8, 9] . The second approach models item failures in terms of a two-dimensional point process formulation; see, for example, [lo] . In this paper, we use the first approach.
Let t = 0 correspond to the time instant of a sale. Let T,(t) and X,(t) denote the age and usage of the item currently in use at time t. Let X(t) denote the total usage up to time t. X(t) equals the total usage of the current plus earlier replacements over the interval [O, t) . If no item failure has occurred in [0, t), then T,.(t) = t and X,(t) = X(t). Th is is also true for the case where all failed items are repaired and the repair time is assumed to be zero. In contrast, if the item is not repairable and there have been one or more failures in [0, t), then T,(t) < t and X,(t) < X(t).
In the one-dimensional approach, one models X,(t) as a function of T,(t). This relationship characterises item usage as a function of the age of the item. We assume that the relationship is linear with a nonnegative coefficient R. That is,
X,(t) = R . T,(t).
R represents the usage per unit time and it varies from user to user. For a given buyer, the average rate R is constant over the warranty period. As a result, one can model R as a nonnegative random variable with a distribution function G(r) given by G(r) = P{R < r}.
Two suitable forms for the density function g(r) (= F) are as follows:
(i) R is uniformly distributed over [Q, rU], where 0 < ~1 < T, < co. g(r) is given by (1) (ii) R is distributed according to a Gamma distribution with g(r) given by where I'(B) is the gamma function.
Item failures are modelled by a point process with an intensity function that is dependent on age and usage of the item. Since usage is modelled as a function of age, the intensity function is a function of a single variable t, the age of the item. Let X(t ] T) dt denote the probability that the current working unit at time t will fail in the small interval [t, t + bt) given that R = T.
Conditional on R = T, failures occur according to a Poisson process with an intensity function A(t ] r), t > 0, and is modelled by the relationship
where p(t,x) is a nondecreasing function in both t and x. This implies that the probability of item failure is nondecreasing with age and usage. Murthy and Wilson 
The characterisation of item failures through A(t ] r) is better suited for the repairable case whilst characterisation through F(t I ) r is more appropriate for the replacement case as indicated below. Let N(t ( r) denote the number of failures over [0, t) conditional on R = T.
First, consider the case where all failures under warranty are always rectified through minimal repair [ll] . As a result, T,(t) = t and Xc(t) = rt, and N(t I r), is given by a nonhomogeneous Poisson process with intensity function qt 1 T-) = e. + elr + (e, + es+. When failed items are always replaced by new ones, let T+. denote the time between the ith and (i -l)st failure, for i > 2. Tilr is a sequence of independent and identically distributed random variables with a common distribution function F(t I T) given by (5). As a result, N(t ( r) is given by a univariate renewal process and its expected value is given by the renewal function M(t ( r) associated with F(t ] r).
Repair Versus Replace Strategies
Nguyen and Murthy [4] studied two repair-replace strategies for the one-dimensional free replacement warranty. We extend these strategies to the two-dimensional case.
The warranty region is divided into two disjoint sets s1i and 02 such that 01 U Rz = Cl and Rr n 02 = 8. Let T and X denote the age and usage of an item at failure. The two strategies that we study in this paper are as follows. STRATEGY 1. If failure occurs in fir the failed item is replaced by a new one, and if it occurs in Rz it is minimally repaired.
STRATEGY 2. If a failure occurs in 01 the failed item is minimally repaired, and if it occurs in 0s it is replaced by a new one.
Depending on the shapes of 01 and 02 we have a family of repair-replace strategies. We confine our attention to the case where fir is also a rectangle given by [0, Kr) x [0, Lr).
ANALYSIS
Let EC(g) denote the expected warranty cost per item, and e represents the parameters of the repair-replacement strategy and is given by e' = {Kr , Li}. Define ~1 = L/K and r2 = Ll/Kl.
Let cl and cz denote the cost of each replacement and repair, respectively.
We obtain the expected warranty cost per item, EC(@, by using the conditional approach. Let EC,.(g) denote the expected warranty cost conditional on R = r. For both strategies, we need to consider the following two cases: 
NUMERICAL EXAMPLE
Suppose that the item under consideration is a component of an automobile sold with a free replacement warranty policy. We confine our attention to the warranty cost associated with the servicing of claims resulting from the component under consideration. The time (or age) is measured in units of years and the unit for usage is 10,OOOkm. As a result, a warranty with K = 2 and L = 4 implies a maximum coverage for two years and usage of 40,000 km.
Let X(t ] r) b e g iven by (6) These were selected so that the mean age at first failure (E[T]) equals 1.2237 (years) and the mean usage at first failure (E[X]) equals 1.2237. Let g(r) be given by (1) . We consider three sets of values for ~1 and rU, which broadly correspond to light, medium, and heavy usage intensity (and will be denoted by (1), ( m , and (h), respectively). These are as follows. )
The parameters of the warranty policy are K = 2 and L = 4. Without loss of generality, we can assume cl = 1 and we consider a range of cs with cs/ci varying from 0.6 to 0.9. (If cl # 1, then the costs given the following tables are the normalised costs relative to cl.)
Obtaining Kf and L; (the optimal values of K1 and L1) requires two-dimensional optimisation. We confine ourselves to a suboptimal case by restricting rs(= Ll/Kl) to be either 2 or 1. This results in a one-dimensional optimisation. Table 1 shows the results for ~2 = 2. The salient features are as follows. l For fixed cs/ci, K; (and LT) is decreasing with usage intensity increasing for cz/cr = 0.6 and 0.7, decreasing for cz/ci = 0.8, and increasing followed by decreasing for cs/cr = 0.9. In contrast, EC(P) is always increasing with the usage intensity increasing.
l For a fixed usage intensity, both K,* and LT are nonincreasing and EC(g*) is increasing with cz/ci increasing.
RELATIVE COMPARISON OF THE FOUR DIFFERENT STRATEGIES.
l The optimal expected warranty servicing cost for Strategy 1 is always less than the corresponding cost for Strategy 2.
l Both of the above two costs are smaller than the expected warranty servicing cost under "always repair" and "always replace" strategies. For Strategy 2, when cs/cr = 0.6, the cost for light and medium usage is equal to the corresponding cost for "always repair" strategy.
l The difference in the optimal costs for Strategies 1 and 2 depends on the usage intensity and the relative cost ratios, as can be seen from Table 1 . Table 2 shows the results for r2 = 1. There are some differences between Tables 1 and 2 . We comment on a few salient points. l As for the case r2 = 2, for this case, the cost for Strategy 2 with cz/ci = 0.6 shows a similar pattern. Except for medium usage, the cost is slightly higher than the corresponding cost for "always repair" strategy.
l For some combinations of usage intensity and cost ratio, rs = 1 yields a lower expected warranty servicing cost than the corresponding one with r-2 = 2.
The following inference can be drawn from the numerical example: l carrying out the two-dimensional optimisation will yield still lower values for the expected warranty servicing cost; l the relative savings to be obtained depend on the usage intensity and the cost ratios
CONCLUSIONS
In this paper, we have studied two different repair-replace strategies for items sold with twodimensional failure free warranty policy. In the strategies studied, the warranty policy is characterised by a rectangular region fl comprising two-subregions 521 and 02. We consider the case where the subregion 01 is a rectangle given by R1 = [0, K1) x [0, Ll). One can define different shapes of 01 (e.g., a triangular region) and these define different repair-replace strategies. One can also study other strategies for two-dimensional warranty policies with different shapes for the warranty region (see [S] ). These topics are currently under investigation.
In our model, it is assumed that the cost to repair a failed item is constant over the warranty region. One can model the cost of repair as a function of age and usage at failure. An alternate approach is to model the repair cost as a random variable dependent on the type of failure. These are only a few of the many topics for research in the future.
